Soret, Joule Heating and Hall Effects on Free Convection in a Casson Fluid Saturated Porous Medium in a Vertical Channel in the Presence of Viscous Dissipation  by Reddy, Ch.Ram et al.
 Procedia Engineering  127 ( 2015 )  1219 – 1226 
Available online at www.sciencedirect.com
1877-7058 © 2015 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of the organizing committee of ICCHMT – 2015
doi: 10.1016/j.proeng.2015.11.468 
ScienceDirect
International Conference on Computational Heat and Mass Transfer-2015
Soret, Joule Heating and Hall Eﬀects on Free Convection in a
Casson Fluid Saturated Porous Medium in a Vertical Channel in the
Presence of Viscous Dissipation
Ch.RamReddy∗, Ch.Venkata Rao, O.Surender
Department of Mathematics, National Institute of Technology, Warangal-506004, India
Abstract
This article explores the signiﬁcance of Soret, Joule heating and Hall eﬀects on the free convection in an electrically conducting
Casson ﬂuid in a vertical channel in the presence of viscous dissipation. The dimensional equations which govern the ﬂow are
transformed into the dimensionless equations using suitable dimensionless variables and hence found the analytical solution by the
Homotopy Analysis Method (HAM) and also compared with ADM solution. The non-dimensional heat and mass transfer rates and
skin friction proﬁles against Casson ﬂuid parameter are illustrated graphically with special focus on physical parameters involved
in the present study.
c© 2015 The Authors. Published by Elsevier Ltd.
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1. Introduction
With the emerging importance of non-Newtonian ﬂuids in recent industries and technology, mathematical mod-
elling of non-Newtonian ﬂuid ﬂows and their understanding are of both fundamental and practical signiﬁcance. The
most important non-Newtonian ﬂuid possessing a yield value is the Casson Fluid, which has signiﬁcant applications
in polymer processing industries and biomechanics. These Casson ﬂuids have a yield stress below which no ﬂow
occurs and a zero viscosity at an inﬁnite rate of shear. Some of the examples of Casson ﬂuid are tomato sauce and
soup, jelly and fruit juices, etc.
The Casson constitutive equation was derived by Casson [1] and which shows that the rate of strain and stress
relationship is nonlinear. The convective transport on a Casson ﬂuid is studied by Eldabe [2] between two rotating
cylinders. Attia and Ahmed [3] considered the Couette ﬂow and heat transfer between parallel plates in an electrically
conducting Casson ﬂuid. Shehzad et al. [4] obtained a Taylor’s series solution for the resulting nonlinear ﬂow and a
qualitative analysis is provided for a Casson parameter. In the presence and/or absence of heat transfer, the diﬀerent
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Fig. 1. Physical model and coordinate system
geometries have been reported for a Casson ﬂuid (see Walawander et al. [5], Batra and Jena [6], Ahmed and Attia
[7]).
Many researchers considered the MHD ﬂow problems with Hall eﬀect due to the reason that, when the strength
of the magnetic ﬁeld is strong, one cannot neglect the Hall current eﬀect. The current component which ﬂows in the
direction mutually perpendicular to both the electric and magnetic induction ﬁelds is termed as the Hall current. A
detailed analysis regarding the eﬀect of Hall and Ion-slip in non-Newtonian and Newtonian ﬂuids, one can refer the
works of Tani [8], Soundalgekar et al. [9], Srinivasacharya and Mekonnen ([10],[11]).
Several researchers have started their ﬁndings in the ﬁeld of ﬂuid ﬂow problem in the presence of the viscous
dissipation. Makanda et al. [12] investigated the eﬀect of radiation on MHD free convection on a Casson ﬂuid from
a horizontal circular cylinder with partial slip in non-Darcy porous medium with viscous dissipation. Basant and
Abiodun [13] considered the eﬀect of viscous dissipation on time-periodic boundary condition of natural convection
ﬂow between parallel plates. With this motivation, the combined eﬀects of Soret, Hall and Joule heating on steady
natural convective transport in MHD Casson ﬂuid saturated porous medium between vertical channel by considering
the viscous dissipation. To assess the accuracy of the HAM, the present solution is compared with the analytical
solution found by Adomian Decomposition Method (ADM). The behaviour of ﬂow characteristics with pertinent ﬂow
parameters are discussed in detail.
2. Formulation of the problem
Consider the steady, laminar and incompressible free convection ﬂow of an electrically conducting Casson ﬂuid
between two vertical plates of distant 2d apart as shown in the Fig. 1. The temperature and concentrations are assumed
to be T1 and C1, and T2 and C2 at the plate at −d and d respectively. In order to simplify the problem, we made an
assumption on magnetic ﬁeld, Hall and Ion-slip eﬀects as given in the paper by Srinivasacharya and Mekonnen [10].
Assumptions on the velocity of the ﬂuid vector are used in such a way that the transpiration cross-ﬂow velocity v0
remains constant whereas the x− component u of the velocity vector does not vanish.
By employing the boundary layer and Boussinesq’s approximations, and making use of the above assumptions,
the governing equations of free convection ﬂow of an electrically conducting Casson ﬂuid in the presence of viscous
dissipation and Joule heating eﬀects are given by
∂v
∂y
= 0 ⇒ v = v0 (1)
v0
∂u
∂y
= ν
(
1 + β
β
)
∂2u
∂y2
− σB0
2
ρ
(
1 + βh2
) (u + βh w) −  νk f u + ga βT
[
(T − T1) + βC
βT
(C −C1)
]
(2)
v0
∂w
∂y
= ν
(
1 + β
β
)
∂2w
∂y2
+
σB02
ρ
(
1 + βh2
) (βh u − w) −  νk f w (3)
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v0
∂T
∂y
=
k f
ρCP
∂2T
∂y2
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σB02
ρCP
(
1 + βh2
) (u2 + w2) + μ
ρCP
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(
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∂y
)2
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(
∂w
∂y
)2⎤⎥⎥⎥⎥⎥⎦ (4)
v0
∂C
∂y
= Ds
∂2C
∂y2
+
Dkf
Tm
∂2T
∂y2
(5)
where u, v and w are intrinsic velocity components along the x, y and z directions respectively, ρ is the density, g
is the acceleration due to gravity, Cp is the speciﬁc heat capacity, μ is the coeﬃcient of viscosity, σ is the electrical
conductivity, B0 is the magnetic ﬁeld applied normal to the surface (i.e., in y-direction), Kf is the thermal conductivity
of the ﬂuid,  is the porosity, βh is Hall parameter, βT and βC are the coeﬃcients of thermal and solutal expansion, Ds
is the solutal diﬀusivity of the medium, D is the mass diﬀusivity and Tm is the mean ﬂuid temperature. Finally β is
the Casson ﬂuid parameter and as β→ ∞, the governing equations of the Casson ﬂuid model (β ∞) given by Eqs.
(1)-(5) become the governing equations of the Newtonian ﬂuid model (β→ ∞).
The boundary conditions are
u(±d) = 0, w(±d) = 0, T (−d) = T1, C(−d) = C1, T (d) = T2, C(d) = C2 (6)
Introducing the following non-dimensional transformations
η =
y
d
, f =
d
vGr
u, g =
d
vGr
w, θ =
T − T1
T2 − T1 , φ =
C −C1
C2 −C1 (7)
Using the non-dimensional transformations (7), we get the following system of non-linear diﬀerential equations
(
1 + β
β
)
f ′′ − R f ′ + θ + N φ − Ha
2
1 + βh2
( f + βh g) − Da f = 0 (8)
(
1 + β
β
)
g′′ − R g′ + Ha
2
1 + βh2
(βh f − g) − Dag = 0 (9)
θ′′ − R Pr θ′ + BrGr2
[
( f ′)2 + (g′)2
]
+
J
1 + βh2
Gr2( f 2 + g2) = 0 (10)
φ′′ − R S c φ′ + S r S c θ′′ = 0 (11)
where the prime indicate diﬀerentiation with respect to η. In usual notations, N =
βC(C2 −C1)
βT (T2 − T1) is the regular buoyancy
ratio, Pr =
μCP
Kf
is the Prandtl number and S c =
ν
Ds
is the Schmidt number. Further, R =
v0d
ν
is the suction/injection
parameter, Gr =
gaβT (T2 − T1)d3
ν2
is the Grashof number, Ha2 =
B02 d2 σ
μ
is the Hartman number, J = Ha2 Br is
the Joul heating parameter. Finally Da =
k f
d2
is the Darcy number, S r =
Dk f (T2 − T1)
Tmν(C2 −C1) is the Soret number and
Br =
μ v2
k f d2 (T2 − T1) is the Brinkman number.
The boundary conditions (6) in terms of f , g, θ and φ become
f (±1) = 0, g(±1) = 0, θ(−1) = 0, φ(−1) = 0, θ(1) = 1, φ(1) = 1 (12)
The results of practical interest are the non-dimensional skin friction Cf Re = 2
(
1 +
1
β
)
f ′(±1), the heat transfer
rate Nu = −θ′(±1), the mass transfer rate S h = −φ′(±1).
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3. The analytical solution of the problem via HAM
In this Homotopy analysis method, we choose the initial guesses of H, where H = f , g, θ, φ as [For more details
on HAM and its eﬃcient features, the readers can refer the works of Liao ([15], [16])]
f0(η) = 0, g0(η) = 0, θ0(η) = (η + 1)/2 and φ0(η) = (η + 1)/2 (13)
and we express the the solution as
H(η) = H0(η) +
∞∑
m=1
Hm(η), where H = f , g, θ, φ (14)
For the smoothness of the deformations H(η; p), whereH = f , g, θ, φ and for the existence of
Hm(η) =
1
m!
∂mH(η; p)
∂pm
∣∣∣∣∣
p=0
, where H = f , g, θ, φ (15)
we should choose properly the auxiliary linear operators Li′s and the non-zero auxiliary parameters hi, i = 1, 2, 3, 4.
The expressions for H, where H = f , g, θ, φ contain the auxiliary parameters hi, i = 1, 2, 3, 4. According to Liao
[16], h-curves are plotted by choosing hi, i = 1, 2, 3, 4 in order to ensure the convergence of the solution given by
15. Here to see the admissible values of hi, i = 1, 2, 3, 4, the h-curves are plotted for 16th-order of approximation in
Figs.2(a) -2(b) by taking the values of the parameters Pr = 0.71, S c = 0.22, sr = 0.3,  = 0.6,Da = 0.5,N = 1.0,R =
1.0,Ha = 2.0,Gr = 1.0, β = 3.0, βh = 2.0, Br = 0.5, J = 2.0. It is evident from Figs.2(a) -2(b) that the range for
the admissible values of h1 is −0.6 < h1 < −0.1. From the same graph, we notice that the h-curves have parallel line
segments that corresponds to regions −1.0 < h2 < −0.1, −1.6 < h3 < −0.2 and −1.6 < h4 < −0.2. A wide valid
zone is evident in these ﬁgures ensuring convergence of the series. To choose optimal value of auxiliary parameter,
the average residual errors are deﬁned and we ﬁnd the average residual errors at diﬀerent order of approximations
(m). From Table 1, we see that the average residual error for f , g, θ and φ is minimum at h1 = −0.46, h2 = −0.5, h3 =
−0.96 and h4 = −1.3 respectively. Therefore, the optimum values of convergence control parameters are taken as
h1 = −0.46, h2 = −0.5, h3 = −0.96 and h4 = −1.3. Further, the accuracy of the solution is also tested by comparing
HAM solution with the following solution obtained by Adomian Decomposition Method(ADM).
The analytical solution of Eqs. (8) - (11) by ADM (For more details of ADM, see Shakeri Askia et al. [14]) is as
follows
f (η) = a1 + a2η +
(
1 + β
β
) ⎡⎢⎢⎢⎢⎣Ra2 − a5 − Na7 + H
2
a
1 + β2h
(a1 + βha3) +
a1
Da
⎤⎥⎥⎥⎥⎦ η22
+
(
1 + β
β
) ⎡⎢⎢⎢⎢⎣−a6 − Na8 + H
2
a
1 + β2h
(a2 + βha4) +
a2
Da
⎤⎥⎥⎥⎥⎦ η36 + .......
g(η) = a3 + a4η +
(
1 + β
β
) ⎛⎜⎜⎜⎜⎝
⎡⎢⎢⎢⎢⎣Ra4 − H
2
a
1 + β2h
(βha1 − a3) + a3Da
⎤⎥⎥⎥⎥⎦ η22 +
⎡⎢⎢⎢⎢⎣− H
2
a
1 + β2h
(βha2 − a4) + a4Da
⎤⎥⎥⎥⎥⎦ η36
⎞⎟⎟⎟⎟⎠ + .......
θ(η) = a5 + a6η +
⎡⎢⎢⎢⎢⎣R Pr a6 − BrGr2(a22 + a24) − J1 + β2hGr
2(a21 + a
2
3)
⎤⎥⎥⎥⎥⎦ η22
− J
1 + β2h
Gr2(2a1a2 + 2a3a4)
η3
6
− J
1 + β2h
Gr2(a22 + a
2
4)
η4
12
+ .......
φ(η) = a7 + a8η +
⎡⎢⎢⎢⎢⎣RS c a8 − S c S r
⎛⎜⎜⎜⎜⎝R Pr a6 − BrGr2(a22 + a24) − J1 + β2hGr
2(a21 + a
2
3)
⎞⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎦ η22
+
⎡⎢⎢⎢⎢⎣R2 S c2 a8 + S c S r J
1 + β2h
Gr2(2a1a2 + 2a3a4)
⎤⎥⎥⎥⎥⎦ η36 + S c S r
J
1 + β2h
Gr2(a22 + a
2
4)
η4
12
+ .......
Note that the accuracy of solution obtained by ADM increases by increasing the number of terms (m) in the above
solution. In this case we have obtained convergent solution by taking 8th order approximation as shown in the Table
2.
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Fig. 2. The h-curves of f ′(η), g′(η), θ′(η) and φ′(η) when N = 1.0,R = 1.0,Ha = 2.0,Gr = 1.0, β = 3.0, βh = 2.0, Br = 0.5, sr = 0.3,  = 0.6,Da =
0.5, Pr = 0.71, S c = 0.22, J = 2.0
Table 1. Optimal value of h1, h2, h3, h4 at diﬀerent order of approximations
Order Optimal of h1 Minimum of Em Optimal of h2 Minimum of Em
13 -0.46 8.59 × 10−11 -0.50 1.78 × 10−12
14 -0.50 2.69 × 10−11 -0.48 5.62 × 10−13
15 -0.46 2.79 × 10−12 -0.50 3.79 × 10−14
Order Optimal of h3 Minimum of Em Optimal of h4 Minimum of Em
13 -1.02 1.82 × 10−11 -1.30 1.22 × 10−13
14 -0.96 2.86 × 10−12 -1.28 1.25 × 10−14
15 -0.96 5.03 × 10−13 -1.30 1.83 × 10−15
Table 2. Comparison of C f 1, Nu1, and S h1 between ADM and HAM when N = 1.0,R = 1.0,Gr = 1.0, Pr = 0.71, S c = 0.22, S r = 0.3, Br =
0.5,Da = 0.5, βh = 2.0,  = 0.6.
ADM for 8th order HAM for 16th order
J Ha β C f1 Nu1 S h1 C f1 Nu1 S h1
0.0 1.0 1.0 0.598732 -0.231749 -0.409769 0.600825 -0.23491 -0.413945
0.5 1.0 1.0 0.600017 -0.233848 -0.410084 0.601356 -0.235645 -0.413904
1.0 1.0 1.0 0.600381 -0.235562 -0.411128 0.601889 -0.236382 -0.413863
4. Results and discussion
The results of non-dimensional skin friction, Nusselt and Sherwood numbers at both the walls have been com-
puted and illustrated graphically using HAM. In order to analyze the combined eﬀects of magnetic parameter (Ha),
Brinkman number (Br), Soret number (S r), Hall Parameter (βh), Darcy number(Da), Joule heating parameter (J)
computations are carried out in the cases of N = 1.0, R = 1.0, Gr = 1.0, Pr = 0.71, S c = 0.22,  = 0.6. These values
are ﬁxed through out the paper unless otherwise mentioned. The inﬂuence of Soret number and Hall parameter on
non-dimensional skin friction coeﬃcient, heat and mass transfer rates against Casson parameter are plotted in Figs.
3(a) - 3(f). Figures 3(a) - 3(b) exhibits that, the skin friction coeﬃcient increases at the left wall and decreases at the
right wall with sequential increase in Soret number and Hall parameter. Figures 3(c) - 3(d) represents that as Soret
number and Hall parameter rises consecutively, the heat transfer rate depicts reverse trend at both left and right walls
of the ﬂow channel. Figures 3(e) - 3(f) illustrates that, the mass transfer rate diminish at the left wall and enhances
at the right wall with increase of Soret number. Moreover, with rise in Hall parameter, the mass transfer rate shows
1224   Ch.RamReddy et al.  /  Procedia Engineering  127 ( 2015 )  1219 – 1226 
2 4 6 8 10
0.25
0.30
0.35
0.40
0.45
0.50
0.55
0.60
 Cf1

 Sr=0.3, β
h
=1.0
 Sr=0.3, β
h
=5.0
 Sr=0.7, β
h
=1.0
 Sr=0.7, β
h
=5.0
Br=0.5, Da=0.5, J=2.0, Ha=2.0
(a)
2 4 6 8 10
-2.2
-2.1
-2.0
-1.9
-1.8
-1.7
Br=0.5, Da=0.5, J=2.0, Ha=2.0
 Sr=0.3, β
h
=1.0
 Sr=0.3, β
h
=5.0
 Sr=0.7, β
h
=1.0
 Sr=0.7, β
h
=5.0
 
Cf
2

(b)
2 4 6 8 10
-0.246
-0.244
-0.242
-0.240
-0.238
-0.236
Br=0.5, Da=0.5, J=2.0, Ha=2.0
 Sr=0.3, β
h
=1.0
 Sr=0.3, β
h
=5.0
 Sr=0.7, β
h
=1.0
 Sr=0.7, β
h
=5.0
Nu
1

(c)
2 4 6 8 10
-0.90
-0.89
-0.88
-0.87
-0.86
-0.85
Br=0.5, Da=0.5, J=2.0, Ha=2.0
 Sr=0.3, β
h
=1.0
 Sr=0.3, β
h
=5.0
 Sr=0.7, β
h
=1.0
 Sr=0.7, β
h
=5.0
 Nu2

(d)
2 4 6 8 10
-0.435
-0.430
-0.425
-0.420
-0.415
Br=0.5, Da=0.5, J=2.0, Ha=2.0
 Sr=0.3, β
h
=1.0
 Sr=0.3, β
h
=5.0
 Sr=0.7, β
h
=1.0
 Sr=0.7, β
h
=5.0
Sh
1

(e)
2 4 6 8 10
-0.59
-0.58
-0.57
-0.56
-0.55
Br=0.5, Da=0.5, J=2.0, Ha=2.0
 Sr=0.3, β
h
=1.0
 Sr=0.3, β
h
=5.0
 Sr=0.7, β
h
=1.0
 Sr=0.7, β
h
=5.0  Sh
2

(f)
Fig. 3. Eﬀect of S r and βh on (a)skin friction at left wall, (b)skin friction at right wall (c)heat transfer rate at left wall, (d)heat transfer rate at right
wall, (e)mass transfer rate at left wall, (f)mass transfer rate at right wall.
the reverse trend at both left and right walls of the channel. Figures 4(a)-4(f) exhibits the eﬀects of Joule heating
parameter and Darcy number on non-dimensional skin friction coeﬃcient, heat and mass transfer rates against Casson
parameter. From Figs.4(a)-4(b), it is found that the skin friction coeﬃcient at the left wall of the channel is increasing
with sequential increase in Joule heating parameter and Darcy number. The opposite nature is true at the right wall
of the channel. Figures 4(c)-4(d) shows that, the heat transfer rates at the left wall of the channel is decreasing as
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Fig. 4. Eﬀect of J and Da on (a)skin friction at left wall, (b)skin friction at right wall (c)heat transfer rate at left wall, (d)heat transfer rate at right
wall, (e)mass transfer rate at left wall, (f)mass transfer rate at right wall.
Joule heating parameter and Darcy number rises consecutively. The opposite trend is found at the right wall of the
channel. From Figs.4(e)-4(f), it can be noted that the mass transfer rate increases with rise of Joule heating parameter
and Darcy number at left wall of the channel and the reverse behaviour is observed at right wall of the channel.
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5. Conclusions
In this paper, the combined eﬀects of Joule heating and Hall parameter on the free convection ﬂow of an electrically
conducting Casson ﬂuid in a vertical channel in the presence of viscous dissipation has been studied. The main
ﬁndings are summarized as follows:
• The non-dimensional skin friction and heat transfer rate shown opposite trend with sequential increase in Soret
number and Hall parameter at both walls of the channel. Further, the mass transfer rate displayed reverse trend
at left and right walls of the channel.
• The non-dimensional skin friction and heat transfer rate shown same behavior with sequential increase in Joule
heating parameter and Darcy number at both walls of the channel whereas, the opposite trend is found at both
walls of the channel.
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